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Problem 1

a) Find the Jacobian of the transformation x = In(uv), y = u?v.

%
v u
J = det [wu x] :det{“” UQ] =u—2u=—u.
Yu Yo 2uv
But, note that if we were to use the Jacobian in an integral, we would use |J| = | — u|.

b) Show that if Vf = Vg, then f = g + ¢ where c is a constant.

— We see V(f —g) = 0 then. But only gradients of constants yield zero so hence f —¢g = ¢
where c is a constant, and rearranging, f = g + c.
Problem 2

a) Convert from spherical to rectangular coordinates the point (2,7/4,7/3).
— It’s not specified, but I think p =2,0 = 7/4,¢ = w/3. Then,

r=2cosm/4dsinT/3 =2- % : § = \/g
y = 2sinm/4sinm/3 = (same) =

z=2cosm/3=2-4=1.

b) Express in cylindrical coordinates y 4 z = 222,
— In cylindrical, z doesn’t change, but y = rsin 6 so we have rsin + z = 222

If necessary, we can complete the square: y = 2z2—z = 2(z—1)?— % so then 2(z—1)? = rsinf+4.
Then we see z = % +4/5sin6 + %. But I think this shouldn’t be necessary...

Problem 3
Find the volume between the paraboloid z = 6 — 22 — 32 and the cone z = /22 + 2.
— The two surfaces intersect as a circle (if we draw it). To find the curve of intersection, one
way is to substitute z = \/22 + y2 <= 22 + 3% = 22 into the paraboloid, and we see
2=6-22 <= 224+2-6=0 < (24+3)(2—2)=0, 2=2,-3.

They must intersect at z = 2, not the negative one. And, at z = 2, we see we have 2 =
Va2 +y?2 «— 2?4 y? = 4, a circle of radius two. Hence, our zy domain is everything in-
side this circle. We can now set up the volume,

6—22—
V= / / / ' ldsdd,,
x2+y
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and we should use cylindrical because of the disc domain,

2 2 6—r2
= / / / rdzdrdf
0=0 Jr=0 J z=r
and now we compute,

27 p2 27 1"4 1"3
= / / (6 — 12 —r)drdd = / [31”2 - — - }
0 0 0 4 3

this integral is #-independent,

8 248 321
—or|12-4- 2| =2 = 2T
”[ 3} "3 3

2
de

Problem 4

Let the vector field F(x,y,2) =< x,y,z >. Let C be parameterized by r(t) =< z(t),y(t), 2(t) >
from time a < ¢ < b, where also |r(t)] = constant. Show that [, F - dr = 0.

Proof. First, following definitions, for the line integral, we need r/(t) =< 2/(t),y'(t), 2’(t) >. Then,

b b
/F-dr:/ F(r(t))~r’(t)dt:/ [z(t)2' (t) + y(t)y' () + 2(t)2(¢)]dt.
C a a

Next, note that if |r(t)| = constant, then |r(t)|? = constant too. Thus,
Ir())? = x(t)? + y(t)* + 2(t)* = constant.
Hence, looking at the inside of the integral, which looks like the derivative of |r(t)|?, we see that
d
—|r
dt
In other words, since |r(t)| = constant, z(t)a’(t) + y(t)y'(t) + z(t)z'(t) = 0. This is exactly the
integrand of the line integral, so we have that

t)]? = %(const(mt) =0, < 2z(t)2'(t) + 2y()y' (t) + 22(1)2'(t) = 0.

b b
/CF-dr—/a ()2 (1) + y(O)y' () + 2()2 (t)]dt—/a 0dt = 0.

(And we are done with the proof)

Problem 5

Let I = ffooo e~ dg.
a) Show that 12 = [ [% =% ~¥"dzdy

— Mainly, e~ @Y = =@y’ Then, the integral separates,

oo 0o 5 o 00 ) 0o s )
/ / e_x_ydxdy:/ e_ydy/ e Fde=1-1=1".
—0o0 —0o0 —0o —0o0
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b) Use polar to evaluate (a) and hence find the value of I.

— In polar, if we do z,y from —oo to oo, this means 0 < r < oo and 0 < 0 < 2x. So, in polar:

2m o0 60— znde > 2
:/ / — rdrdf p/ 2re” " dr
o Jo 0

2 o oo e
=r=, g_Qrdr / e Vdu = —me Y
0 0
=n(e” — lim ™) =7(1-0) =
U—00

Since I? = 7, we infer I = /7. Don’t forget that dV = rdzdrdf in cylindrical!

Problem 6

I want to write this problem in different notation:
Let E be a region in the xzy plane. Let T'(x,y) = (z + y,z — y). Show that the area of T'(F) =
{T(z,y) : (z,y) € E} is twice the area of E.

Proof. First. the idea is that T induces a change of variable u = x+y,v = x —y and T'(F) is the uv
domain that E transforms into. If we were to compute the area of E in these new uv coordinates,
we would need to (i) change the domain and (ii) get the Jacobian first. The domain F changes to
T(FE) so we are done with step (i). For the Jacobian, we first need to solve z,y as functions of u, v.
One way is to add both equations to get that uw + v = 2z, and then subtract the equations to get
u — v = 2y so we have

1 1
x = §(u+v), Y= i(u—v).
Then,

J = det [Z sz] = det Eg 11//22} —1/4—1/4=—1/2.

Therefore, if we were to calculate the area of F as an integral in uwv variables,

Area(E // 1dA = // 1|J|dudv = // fdudv
T(E) T(E) 2

But the right side is exactly % - Area(T(E)). Hence, Area(E) = 1 Area(T(E)) or in other words,
Area(T(E)) =2 - Area(E).
O

Problem 7

Evaluate fc ydx + zdy + xdz where C' is parameterized by t =+vVt,y=t,z=1t>from 1<t <4.
— First, we need the derivatives, z/(t) = 2\/{, y'(t) = 1,2'(t) = 2t. Thus,

1 1
/ ydx + zdy + rdz = / t (dt) + £2(1dt) + Vt(2tdt)
e} 1 2\/%

4
t
_/ \Q/dt+t2dt+2t3/zdt
1

312 3 g45/2 )4

3 T3

1
which we can evaluate if necessary.



Problem 8

Evaluate [[ [, ye® T+ q where E is the portion of the unit ball 2+y2+22 < 1 in the 1st octant.

— We have spherical objects, so we should use spherical coordinates. First, the function becomes

2,2, .2 . . 2
yet TV TR — psinfsing - e .

Next, to get the right bounds for the 1st octant, where x, ¥y, z > 0, we see that 0 < p < 1 from the

unit ball equation (which reads as p? < 1), that 0 < 6 < 7/2 because we have z,y > 0, and lastly
that 0 < ¢ < 7/2 because z > 0. Now our integral reads as (don’t forget what dV is in sphericall):

w/2 pmw/2 n/2 /2 5
/ / / psin @ sin ¢ P - p% sin ¢pdpdfde = / / p2e”” sin 0 sin? ¢pdpdfde.
¢=0 Jo= 0= p=

The e’ is problematic, so we need to set w = p?,dw = 2pdp as a substitution. Then, the idea
is that " = e®, and one power of the p? term cancels from dw = 2pdp so we are just left with

2
w/2 /2
/ / / we® sin 0 sin’ ¢ d—wdﬁdqb
=0 Jo= 2

& =w/2. So we have
where now integrating by parts, with u = w, dv = e“dw,
1
— / e“dw| dfde
0

1 w/2 /2
:/ / sin’ ¢sin @ |we
2 Jp=0 Jo=0

/2
/ / sin? ¢ sin A(e* — 0) — (e! —1)]dfd¢ (used 1 = €°)
é=0 Jo=0

=0

/2 /2
/ / sin? ¢ sin 0d0dp = 1/ 1(1—(:052(1)) (—cos¢9|7r/2 )do
=0 Jo=0 =0 2

1 (/2 1
:/0 (1—cos2¢)d¢:4[¢—

il
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sin 2¢7 |72
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